
IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 51, NO. 1, JANUARY 2003 193

Compact Elliptic-Function Low-Pass Filters Using
Microstrip Stepped-Impedance Hairpin Resonators
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Abstract—A compact elliptic-function low-pass filter using mi-
crostrip stepped-impendance hairpin resonators and their equiv-
alent-circuit models are developed. The prototype filters are syn-
thesized from the equivalent-circuit model using available element-
value tables. To optimize the performance of the filters, electro-
magnetic simulation is used to tune the dimensions of the proto-
type filters. The filter using multiple cascaded hairpin resonators
provides a very sharp cutoff frequency response with low inser-
tion loss. Furthermore, to increase the rejection-band bandwidth,
additional attenuation poles are added in the filter. The filters are
evaluated by experiment and simulation with good agreement. This
simple equivalent-circuit model provides a useful method to design
and understand this type of filters and other relative circuits.

Index Terms—Elliptic-function filter, low-pass filter,
stepped-impendance hairpin resonator.

I. INTRODUCTION

COMPACT SIZE and high-performance microwave filters
are highly demanded in many communication systems.

Due to the advantages of small size and easy fabrication, the
microstrip hairpin has been drawing much attention. From the
conventional half-wavelength hairpin resonator to the latest
stepped-impendance hairpin resonator, a size reduction of
the resonator has been dramatically achieved [1]–[6]. Con-
ventionally, the behavior of the stepped-impendance hairpin
resonator has been described by using even- and odd-mode
and network models [2], [4]. However, they only showed
limited expressions in terms of the matrix, which do
not provide a useful circuit design implementation such as
equivalent lumped-element circuits.

Small-size low-pass filters are frequently required in
many communication systems to suppress harmonics and
spurious signals. The conventional stepped-impedance and
Kuroda-identity-stubs low-pass filters only provide Butterworth
and Chebyshev characteristics with a gradual cutoff frequency
response [7]. In order to have a sharp cutoff frequency re-
sponse, these filters require more sections. Unfortunately,
increasing the number of sections also increases the size
of the filter and insertion loss. Recently, the low-pass filter
using photonic-bandgap and defect ground structures [8], [9]
illustrated a similar performance as those of the conventional
ones. A compact semilumped low-pass filter was also proposed
[10]. However, using lumped elements increase the fabrication
difficulties.
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Fig. 1. Stepped-impendance hairpin resonator.

The microstrip elliptic-function low-pass filters show the ad-
vantages of high performance, low cost, and easy fabrication
[11], [12]. In [12], the elliptic-function low-pass filters using el-
ementary rectangular structures provide a wide-band passband
with a sharp cutoff frequency response, but a narrow stopband.

In this paper, an equivalent-circuit model for the stepped-im-
pendance hairpin resonator is described. A compact el-
liptic-function low-pass filter using the stepped-impendance
hairpin resonator is also demonstrated. The dimensions
of the prototype low-pass filters are synthesized from the
equivalent-circuit model with the published element-value
tables. The exact dimensions of the filter are optimized by
electromagnetic (EM) simulation. The filter using multiple
cascaded stepped-impendance hairpin resonators shows a very
sharp cutoff frequency response with a low insertion loss.
Furthermore, additional attenuation poles are added to suppress
the second harmonic and achieve a broad stopband bandwidth.
The measured results agree well with simulated results.

II. EQUIVALENT-CIRCUIT MODEL FOR THE

STEP-IMPEDANCE HAIRPIN

Fig. 1 shows the basic layout of the stepped-impendance
hairpin resonator. The stepped-impendance hairpin resonator
consists of the single transmission line and coupled lines with
a length of . is the characteristic impedance of the single
transmission line . and are the even- and odd-mode
impedance of the symmetric capacitance-load parallel coupled
lines with a length of . By selecting , the
size of the stepped-impendance hairpin resonator is smaller
than that of the conventional hairpin resonator [13]. Also, the
effect of the loading capacitance shifts the spurious resonant
frequencies of the resonator from integer multiples of the fun-
damental resonant frequency, thereby reducing interferences
from high-order harmonics.
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Fig. 2. Equivalent circuit of: (a) single transmission line, (b) symmetric
coupled lines, and (c) stepped-impendance hairpin resonator.

The single transmission line is modeled as an equivalent L-C
-network, as shown in Fig. 2(a). For the lossless single trans-

mission line with a length of , the matrix is given by

(1)

where and are the phase constant and charac-
teristic admittance of the single transmission line, respectively.
The matrix of the equivalent L-C -network is

(2)

where , , is the angular frequency, and
and are the equivalent inductance and capacitance of the

single transmission line. Comparing (1) and (2), the equivalent
and can be obtained as

(3a)

and

(3b)

Moreover, as seen in Fig. 2(b), the symmetric parallel coupled
lines are modeled as an equivalent capacitive -network. The

matrix of the lossless parallel coupled lines is expressed
as [2]

(4)

where is the phase constant of the coupled lines. Also, the
matrix of the equivalent capacitive -network is

(5)

where and . In comparison with (4)
and (5), the equivalent capacitances of the -network are found
as

(6a)

and

(6b)

Furthermore, combining the equivalent circuits of the single
transmission line and coupled lines, shown in Fig. 2(a) and
(b), the equivalent circuit of the stepped-impendance hairpin
resonator in terms of lumped elements and is shown in
Fig. 2(c), where is the sum of the capac-
itances of the single transmission line, coupled lines, and the
junction discontinuity between the single transmission
line and coupled lines [14].

The physical dimensions of the filter can be synthesized by
using the available L-C tables and (3) and (6). The widths of the
single transmission line and coupled lines of the filter can be ob-
tained from selecting the impedances that satisfy the condition

. The lengths of the single transmission line and
coupled lines of the filter transformed from (3a) and (6b) are

(7a)

and

(7b)

where is the 3-dB cutoff angular frequency, and and
are the inductance and capacitance chosen from the available
L-C tables. and can be calculated from (7a), (3b), (7b),
and (6a), respectively.

III. COMPACT ELLIPTIC-FUNCTION LOW-PASS FILTERS

A. Low-Pass Filter Using One Stepped-Impedance Hairpin
Resonator

Fig. 3 shows the geometry and equivalent circuit of the
elliptic-function low-pass filter using one stepped-impendance
hairpin resonator with feed lines . As seen from the equivalent
circuit in Fig. 3(b), is the equivalent inductance of the single
transmission line of the filter. is the equivalent capacitance
of the coupled lines and is sum of the capacitances of the
transmission line and the coupled lines. Using the available
elliptic-function element-value tables [15] with impedance and
frequency scaling, the dimensions of the prototype low-pass
filter can be approximately synthesized by (3a) and (3b), (6a)
and (6b), and (7a) and (7b). The exact dimensions are adjusted
to optimize the performance of the filter using EM simulation
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(a)

(b)

Fig. 3. Low-pass filter using one hairpin resonator. (a) Layout. (b) Equivalent
circuit.

TABLE I
L-C VALUES OF THE FILTER USING ONE HAIRPIN RESONATOR

software IE3D1 to account for the loss and discontinuity effects
not included in the lumped-element model of Fig. 3(b). The
low-pass filter is designed for a 3-dB cutoff frequency of 2 GHz
and fabricated on a 25-mil-thick RT/Duroid 6010.2 substrate
with relative dielectric constant .

Table I shows the equivalent L-C values from the available
L-C tables, approximated L-C values, and optimized L-C values,
respectively. Observing the available L-C tables, the filter using
one microstrip hairpin resonator is difficult to synthesize. An
approximate synthesis is introduced by using some inductances
and capacitances chosen from the available L-C tables and (3),
(6), (7a), and (7b). For instance, using the inductance and ca-
pacitance and in the available L-C tables, the lengths
of the single and coupled lines can be found from (7a), (7b),
and (3b), respectively. Also, the capacitance can be obtained
from (6a). Fig. 4 shows the simulated frequency responses of
the filter using L-C values in Table I. The simulated frequency
response of the filter with the available L-C tables is obtained
using the Agilent ADS circuit simulator. The simulated fre-
quency responses of the filter with the approximated and op-
timized L-C values are obtained using the IE3D EM simulator.
Observing the simulated results in Fig. 4, the equal ripple re-
sponse of the microstrip filter at the stopband is affected by
the harmonics of the filter. The optimized filter with larger L-C
values has a closer 3-dB cutoff frequency at 2 GHz and a better

1IE3D, ver. 8.0, Zeland Software Inc., Fremont, CA, Jan. 2001.

Fig. 4. Simulated frequency responses of the filter using one hairpin resonator.

(a)

(b)

Fig. 5. Measured and simulated: (a) frequency response and (b) S within
the 3-dB bandwidth for the filter using one hairpin resonator.

return loss. The optimized dimensions of the filter are
mm, mm, mm, mm,

mm, mm, and mm. Fig. 5 shows the mea-
sured and simulated results of the filter with the optimized di-
mensions. Inspecting the measured results, the elliptic low-pass
filter has a 3-dB passband from dc to 2.03 GHz. The insertion
loss is less than 0.3 dB, and the return loss is better than 15 dB
from dc to 1.57 GHz. The rejection is greater than 20 dB within
3.23–7.93 GHz. The ripple is 0.14 dB, as shown in Fig. 5(b).
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(a) (b)

(c)

Fig. 6. Low-pass filter using cascaded hairpin resonators. (a) Layout. (b) Asymmetric coupled lines. (c) Equivalent circuit of the asymmetric coupled lines.

B. Low-Pass Filter Using Multiple Cascaded
Stepped-Impedance Hairpin Resonators

Fig. 6(a) shows the low-pass filter using four multiple cas-
caded stepped-impendance hairpin resonators. Inspecting this
structure, two resonators are linked by an adjacent transmission
line with a width of , , or . Due to the adjacent transmis-
sion line, the coupled lines become an asymmetrical coupling
structure, as shown on the left-hand side of Fig. 6(b). The asym-
metrical coupled lines can be roughly treated as a symmetric
coupled lines with a separate parallel single transmission line,
as shown on the right-hand side of Fig. 6(b) [16]. Therefore, as
seen in Fig. 6(c), the equivalent circuit of the asymmetric cou-
pled lines can be approximately represented by that of the sym-
metric coupled lines in Fig. 2(b) and a equivalent capacitance

of a single transmission line in shunt. The equivalent ca-
pacitance is given by

F/unit length (8)

where is the width of the adjacent transmission line and is
the substrate thickness. The equivalent circuit of the low-pass
filter is illustrated in Fig. 7.

Table II shows the available L-C tables, approximated L-C
values, and optimized L-C values of the filter using four cas-
caded hairpin resonators. Also, observing the available L-C ta-
bles, the inductances and capacitances between resonators show
a high variation, of which is difficult to synthesize a low-pass
filter using cascaded microstrip hairpin resonators. For example,
by using the inductances and capacitances , , , , ,

, , , and in the available tables and (7a)–(8), the ca-

Fig. 7. Equivalent circuit of the low-pass filter using cascaded hairpin
resonators.

TABLE II
L-C VALUES OF THE FILTER USING FOUR HAIRPIN RESONATORS

pacitances and calculated from (6a) are very small. In
this case, the 3-dB cutoff frequency of the filter is larger than
that of the filter using the available L-C tables. Moreover, if the
filter is synthesized by using the inductances and capacitances

, , , , , , and in the available tables and
(3b), (7a), (8), and (9), then the capacitances , , and will
become large, where (9), transformed from (6a) for the synthe-
sized length of the coupled lines, is given by

(9)



HSIEH AND CHANG: COMPACT ELLIPTIC-FUNCTION LOW-PASS FILTERS 197

Fig. 8. Simulated frequency responses of the filter using four cascaded hairpin
resonators.

is the capacitance chosen from the available L-C tables. In
this case, the 3-dB cutoff frequency of the filter will be smaller
than that of the filter using the available L-C tables. To ob-
tain a proper 3-dB cutoff frequency, an alternative approximate
method is used. In the beginning, one can use the capacitance
and inductance , in the available L-C tables and (3b), (6a),
(7a), and (7b) to calculate , , and , where the sub-
scripts of and are the capacitances associated with the first
resonator. Using and in the available L-C tables and (3b),
(6a), (7a), and (7b), the capacitances , , and can then
be obtained. Thus, the total synthesized value for is given by

syn (10)

Furthermore, by adjusting the capacitance value (size of a
adjacent microstrip line), one can obtain - tables
(syn.). If the sum of the capacitances

is larger than (L-C tables), the capacitance may be
selected by a proper size of a microstrip line to link two res-
onators. The rest of the synthesized L-C values can be found by
using the same procedure. Fig. 8 shows the simulated frequency
responses of the filter using the available L-C tables, approxi-
mated L-C values, and optimized L-C values shown in Table II.
Observing the simulated results of the filter using the approx-
imated L-C values in Fig. 8, a 3-dB cutoff frequency close to
2 GHz is shown, but with harmonics at the stopband. These har-
monics at the stopband are due to the different L-C values (sizes)
of the hairpin resonators.

To reduce the harmonics at the stopband, an optimized filter
constructed by identical hairpin resonators is used. Further-
more, during the optimization, it can be found that the filter can
achieve a low return loss by using a long single transmission
line and short coupled lines. The optimized L-C values are
listed in Table II. Inspecting the simulated results in Fig. 8, the
optimized filter using identical hairpin resonators can reduce
harmonics at the stopband and provide a low return loss in the
passband.

The optimized dimensions of the filter in Fig. 6(a) are
mm, mm, mm, and

mm. , , , , and are the same dimensions as be-
fore. The measured and simulated frequency responses of the

(a)

(b)

Fig. 9. Measured and simulated: (a) frequency response and (b) S within
the 3-dB bandwidth for the filter using cascaded hairpin resonators.

optimized filter are shown in Fig. 9. This low-pass filter pro-
vides a much sharper cutoff frequency response and deeper re-
jection band compared to the results of using the one hairpin
resonator given in Section III-A. This filter has a 3-dB passband
from dc to 2.02 GHz. The return loss is better than 14 dB from
dc to 1.96 GHz. The insertion loss is less than 0.6 dB. The re-
jection is greater than 42 dB from 2.68 to 4.93 GHz. The ripple
is 0.23 dB, as shown in Fig. 9(b).

C. Broad Stopband Low-Pass Filter

Observing the frequency response of the low-pass filter in
Fig. 9, the stopband bandwidth is limited by harmonics, es-
pecially for the second harmonic. In order to extend the stop-
band bandwidth, additional attenuation poles at the second har-
monic can be added. The additional attenuation poles can be
implemented by additional low-pass filter using two cascaded
hairpin resonators with a higher 3-dB cutoff frequency and at-
tenuation at the second harmonic, as shown in Fig. 10. The de-
sired higher 3-dB cutoff and attenuation frequencies of the ad-
ditional low-pass filter can be obtained by using a similar syn-
thesis procedure as discussed in Section III-A. The optimized
dimensions of the additional low-pass filter are mm,

mm, and mm. , , , , and
have the same dimensions as shown earlier in Section III-B.
Fig. 11(a) shows the measured and simulated results. The addi-
tional low-pass filter attenuates the level of the second harmonic
and achieve a wider stopband bandwidth with attenuation better
than 33.3 dB from 2.45 to 10 GHz. The return loss of the filter is
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Fig. 10. Layout of the low-pass filter with additional attenuation poles.

(a)

(b)

Fig. 11. Measured and simulated: (a) frequency response and (b) S within
the 3-dB bandwidth for the filter with additional attenuation poles.

greater than 13.6 dB within dc to 1.94 GHz. The insertion loss
is less than 1 dB. As seen in Fig. 11(b), the ripple is 0.33 dB.

IV. CONCLUSIONS

Compact elliptic-function low-pass filters using stepped-im-
pendance hairpin resonators have been proposed. The filters
have been synthesized and optimized from the equivalent
lumped-element model using the available element-value
tables and EM simulation. The low-pass filter using multiple
cascaded stepped-impendance hairpin resonators have shown
a very sharp cutoff frequency response and low insertion loss.
Moreover, with additional attenuation poles, the low-pass filter
can obtain a wide stopband bandwidth. The measured results
of the low-pass filters agree well with simulated results. The

useful equivalent-circuit model for the stepped-impendance
hairpin resonator provides a simple method to design filters
and other circuits.
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